
$QJOHV�FDQ�EH�PHDVXUHG�LQ�GHJUHHV�RU�LQ�UDGLDQV��DEEUHYLDWHG�DV�UDG���7KH�DQJOH�JLYHQ�E\
D�FRPSOHWH�UHYROXWLRQ�FRQWDLQV� � ZKLFK�LV�WKH�VDPH�DV� UDG��7KHUHIRUH

DQG

�D� )LQG�WKH�UDGLDQ�PHDVXUH�RI� � �E� ([SUHVV� UDG�LQ�GHJUHHV�

�D� )URP�(TXDWLRQ���RU���ZH�VHH�WKDW�WR�FRQYHUW�IURP�GHJUHHV�WR�UDGLDQV�ZH�PXOWLSO\�E\
��7KHUHIRUH

�E� 7R�FRQYHUW�IURP�UDGLDQV�WR�GHJUHHV�ZH�PXOWLSO\�E\� ��7KXV

,Q�FDOFXOXV�ZH�XVH�UDGLDQV�WR�PHDVXUH�DQJOHV�H[FHSW�ZKHQ�RWKHUZLVH�LQGLFDWHG��7KH�IRO�
ORZLQJ�WDEOH�JLYHV�WKH�FRUUHVSRQGHQFH�EHWZHHQ�GHJUHH�DQG�UDGLDQ�PHDVXUHV�RI�VRPH�FRP�
PRQ�DQJOHV�

)LJXUH���VKRZV�D�VHFWRU�RI�D�FLUFOH�ZLWK�FHQWUDO�DQJOH� DQG�UDGLXV� VXEWHQGLQJ�DQ�DUF
ZLWK�OHQJWK� ��6LQFH�WKH�OHQJWK�RI�WKH�DUF�LV�SURSRUWLRQDO�WR�WKH�VL]H�RI�WKH�DQJOH� DQG�VLQFH
WKH�HQWLUH�FLUFOH�KDV�FLUFXPIHUHQFH� DQG�FHQWUDO�DQJOH� � ZH�KDYH

6ROYLQJ�WKLV�HTXDWLRQ�IRU� DQG�IRU� � ZH�REWDLQ

5HPHPEHU�WKDW�(TXDWLRQV � DUH�YDOLG�RQO\�ZKHQ� LV�PHDVXUHG�LQ�UDGLDQV�
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,Q�SDUWLFXODU� SXWWLQJ� LQ�(TXDWLRQ��� ZH�VHH�WKDW�DQ�DQJOH�RI���UDG�LV�WKH�DQJOH�VXE�
WHQGHG�DW� WKH�FHQWHU�RI�D�FLUFOH�E\�DQ�DUF�HTXDO� LQ� OHQJWK� WR� WKH�UDGLXV�RI� WKH�FLUFOH��VHH
)LJXUH����

�D� ,I�WKH�UDGLXV�RI�D�FLUFOH�LV���FP� ZKDW�DQJOH�LV�VXEWHQGHG�E\�DQ�DUF�RI���FP"
�E� ,I�D�FLUFOH�KDV�UDGLXV���FP� ZKDW�LV�WKH�OHQJWK�RI�DQ�DUF�VXEWHQGHG�E\�D�FHQWUDO�DQJOH
RI� UDG"

�D� 8VLQJ�(TXDWLRQ���ZLWK� DQG� � ZH�VHH�WKDW�WKH�DQJOH�LV

�E� :LWK� FP�DQG� UDG� WKH�DUF�OHQJWK�LV

7KH�VWDQGDUG�SRVLWLRQ RI�DQ�DQJOH�RFFXUV�ZKHQ�ZH�SODFH�LWV�YHUWH[�DW�WKH�RULJLQ�RI�D
FRRUGLQDWH�V\VWHP�DQG�LWV�LQLWLDO�VLGH�RQ�WKH�SRVLWLYH� �D[LV�DV�LQ�)LJXUH����$�SRVLWLYH DQJOH
LV�REWDLQHG�E\�URWDWLQJ�WKH�LQLWLDO�VLGH�FRXQWHUFORFNZLVH�XQWLO�LW�FRLQFLGHV�ZLWK�WKH�WHUPL�
QDO�VLGH��/LNHZLVH� QHJDWLYH DQJOHV�DUH�REWDLQHG�E\�FORFNZLVH�URWDWLRQ�DV�LQ�)LJXUH���

)LJXUH���VKRZV�VHYHUDO�H[DPSOHV�RI�DQJOHV�LQ�VWDQGDUG�SRVLWLRQ��1RWLFH�WKDW�GLIIHUHQW
DQJOHV�FDQ�KDYH�WKH�VDPH�WHUPLQDO�VLGH��)RU�LQVWDQFH� WKH�DQJOHV� � � DQG�
KDYH�WKH�VDPH�LQLWLDO�DQG�WHUPLQDO�VLGHV�EHFDXVH

DQG� UDG�UHSUHVHQWV�D�FRPSOHWH�UHYROXWLRQ�

$QJOHV�LQ�VWDQGDUG�SRVLWLRQ
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)RU�DQ�DFXWH�DQJOH� WKH�VL[�WULJRQRPHWULF�IXQFWLRQV�DUH�GH¿QHG�DV�UDWLRV�RI�OHQJWKV�RI�VLGHV
RI�D�ULJKW�WULDQJOH�DV�IROORZV��VHH�)LJXUH����

7KLV�GH¿QLWLRQ�GRHVQ¶W�DSSO\�WR�REWXVH�RU�QHJDWLYH�DQJOHV� VR�IRU�D�JHQHUDO�DQJOH� LQ
VWDQGDUG�SRVLWLRQ�ZH�OHW� EH�DQ\�SRLQW�RQ�WKH�WHUPLQDO�VLGH�RI� DQG�ZH�OHW� EH�WKH
GLVWDQFH� DV�LQ�)LJXUH����7KHQ�ZH�GH¿QH

6LQFH�GLYLVLRQ�E\�� LV�QRW�GH¿QHG� DQG� DUH�XQGH¿QHG�ZKHQ� DQG�
DQG� DUH�XQGH¿QHG�ZKHQ� ��1RWLFH�WKDW�WKH�GH¿QLWLRQV�LQ�����DQG�����DUH�FRQVLV�
WHQW�ZKHQ� LV�DQ�DFXWH�DQJOH�

,I� LV�D�QXPEHU� WKH�FRQYHQWLRQ�LV�WKDW� PHDQV�WKH�VLQH�RI�WKH�DQJOH�ZKRVH�UDGLDQ
PHDVXUH�LV� ��)RU�H[DPSOH� WKH�H[SUHVVLRQ� LPSOLHV�WKDW�ZH�DUH�GHDOLQJ�ZLWK�DQ�DQJOH
RI���UDG��:KHQ�¿QGLQJ�D�FDOFXODWRU�DSSUR[LPDWLRQ�WR�WKLV�QXPEHU� ZH�PXVW�UHPHPEHU�WR
VHW�RXU�FDOFXODWRU�LQ�UDGLDQ�PRGH� DQG�WKHQ�ZH�REWDLQ

,I�ZH�ZDQW�WR�NQRZ�WKH�VLQH�RI�WKH�DQJOH� ZH�ZRXOG�ZULWH� DQG� ZLWK�RXU�FDOFXODWRU
LQ�GHJUHH�PRGH� ZH�¿QG�WKDW

7KH�H[DFW�WULJRQRPHWULF�UDWLRV�IRU�FHUWDLQ�DQJOHV�FDQ�EH�UHDG�IURP�WKH�WULDQJOHV�LQ�)LJ�
XUH ���)RU�LQVWDQFH�
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7KH�VLJQV�RI�WKH�WULJRQRPHWULF�IXQFWLRQV�IRU�DQJOHV�LQ�HDFK�RI�WKH�IRXU�TXDGUDQWV�FDQ�EH
UHPHPEHUHG�E\�PHDQV�RI�WKH�UXOH�³$OO�6WXGHQWV�7DNH�&DOFXOXV´ VKRZQ�LQ�)LJXUH���

)LQG�WKH�H[DFW�WULJRQRPHWULF�UDWLRV�IRU� �

)URP�)LJXUH����ZH�VHH�WKDW�D�SRLQW�RQ�WKH�WHUPLQDO�OLQH�IRU� LV
��7KHUHIRUH� WDNLQJ

LQ�WKH�GH¿QLWLRQV�RI�WKH�WULJRQRPHWULF�UDWLRV� ZH�KDYH

7KH� IROORZLQJ� WDEOH� JLYHV� VRPH� YDOXHV� RI� DQG� IRXQG� E\� WKH�PHWKRG� RI
([DPSOH���

,I� DQG� � ¿QG�WKH�RWKHU�¿YH�WULJRQRPHWULF�IXQFWLRQV�
RI� �

6LQFH� � ZH�FDQ�ODEHO�WKH�K\SRWHQXVH�DV�KDYLQJ�OHQJWK���DQG�WKH�
DGMDFHQW�VLGH�DV�KDYLQJ�OHQJWK���LQ�)LJXUH�����,I�WKH�RSSRVLWH�VLGH�KDV�OHQJWK� � WKHQ�WKH
3\WKDJRUHDQ�7KHRUHP�JLYHV� DQG�VR� � ��:H�FDQ�QRZ�XVH�
WKH�GLDJUDP�WR�ZULWH�WKH�RWKHU�¿YH�WULJRQRPHWULF�IXQFWLRQV�

8VH�D�FDOFXODWRU�WR�DSSUR[LPDWH�WKH�YDOXH�RI� LQ�)LJXUH����

)URP�WKH�GLDJUDP�ZH�VHH�WKDW
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$�WULJRQRPHWULF�LGHQWLW\�LV�D�UHODWLRQVKLS�DPRQJ�WKH�WULJRQRPHWULF�IXQFWLRQV��7KH�PRVW�HOH�
PHQWDU\�DUH�WKH�IROORZLQJ� ZKLFK�DUH�LPPHGLDWH�FRQVHTXHQFHV�RI�WKH�GH¿QLWLRQV�RI�WKH�WULJ�
RQRPHWULF�IXQFWLRQV�

)RU�WKH�QH[W�LGHQWLW\�ZH�UHIHU�EDFN�WR�)LJXUH����7KH�GLVWDQFH�IRUPXOD��RU� HTXLYDOHQWO\�
WKH�3\WKDJRUHDQ�7KHRUHP��WHOOV�XV�WKDW� ��7KHUHIRUH

:H�KDYH�WKHUHIRUH�SURYHG�RQH�RI�WKH�PRVW�XVHIXO�RI�DOO�WULJRQRPHWULF�LGHQWLWLHV�

,I�ZH�QRZ�GLYLGH�ERWK�VLGHV�RI�(TXDWLRQ���E\� DQG�XVH�(TXDWLRQV��� ZH�JHW

6LPLODUO\� LI�ZH�GLYLGH�ERWK�VLGHV�RI�(TXDWLRQ���E\� � ZH�JHW

7KH�LGHQWLWLHV

VKRZ�WKDW� LV�DQ�RGG�IXQFWLRQ�DQG� LV�DQ�HYHQ�IXQFWLRQ��7KH\�DUH�HDVLO\�SURYHG�E\
GUDZLQJ�D�GLDJUDP�VKRZLQJ� DQG� LQ�VWDQGDUG�SRVLWLRQ��VHH�([HUFLVH�����

6LQFH�WKH�DQJOHV� DQG� KDYH�WKH�VDPH�WHUPLQDO�VLGH� ZH�KDYH

7KHVH�LGHQWLWLHV�VKRZ�WKDW�WKH�VLQH�DQG�FRVLQH�IXQFWLRQV�DUH�SHULRGLF�ZLWK�SHULRG� �
7KH� UHPDLQLQJ� WULJRQRPHWULF� LGHQWLWLHV� DUH� DOO� FRQVHTXHQFHV� RI� WZR� EDVLF� LGHQWLWLHV

FDOOHG�WKH�DGGLWLRQ�IRUPXODV�
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7KH�SURRIV�RI�WKHVH�DGGLWLRQ�IRUPXODV�DUH�RXWOLQHG�LQ�([HUFLVHV���� ��� DQG����
%\�VXEVWLWXWLQJ� IRU� LQ�(TXDWLRQV���D�DQG���E�DQG�XVLQJ�(TXDWLRQV���D�DQG���E�

ZH�REWDLQ�WKH�IROORZLQJ�VXEWUDFWLRQ�IRUPXODV�

7KHQ� E\�GLYLGLQJ�WKH�IRUPXODV�LQ�(TXDWLRQV����RU�(TXDWLRQV���� ZH�REWDLQ�WKH�FRUUH�
VSRQGLQJ�IRUPXODV�IRU� �

,I�ZH�SXW� LQ�WKH�DGGLWLRQ�IRUPXODV������ ZH�JHW�WKH�GRXEOH�DQJOH�IRUPXODV�

7KHQ� E\�XVLQJ�WKH�LGHQWLW\� � ZH�REWDLQ�WKH�IROORZLQJ�DOWHUQDWH�IRUPV�RI
WKH�GRXEOH�DQJOH�IRUPXODV�IRU� �

,I�ZH�QRZ�VROYH�WKHVH�HTXDWLRQV�IRU� DQG� � ZH�JHW�WKH�IROORZLQJ�KDOI�DQJOH�IRU�
PXODV� ZKLFK�DUH�XVHIXO�LQ�LQWHJUDO�FDOFXOXV�

)LQDOO\� ZH� VWDWH� WKH� SURGXFW� IRUPXODV� ZKLFK� FDQ� EH� GHGXFHG� IURP� (TXDWLRQV� ���
DQG����
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7KHUH�DUH�PDQ\�RWKHU� WULJRQRPHWULF� LGHQWLWLHV� EXW� WKRVH�ZH�KDYH�VWDWHG�DUH� WKH�RQHV
XVHG�PRVW� RIWHQ� LQ� FDOFXOXV�� ,I� \RX� IRUJHW� DQ\� RI� WKHP� UHPHPEHU� WKDW� WKH\� FDQ� DOO� EH
GHGXFHG�IURP�(TXDWLRQV���D�DQG���E�

)LQG�DOO�YDOXHV�RI� LQ�WKH�LQWHUYDO� VXFK�WKDW� �

8VLQJ�WKH�GRXEOH�DQJOH�IRUPXOD����D�� ZH�UHZULWH�WKH�JLYHQ�HTXDWLRQ�DV

7KHUHIRUH� WKHUH�DUH�WZR�SRVVLELOLWLHV�

7KH�JLYHQ�HTXDWLRQ�KDV�¿YH�VROXWLRQV� � � � � DQG� �

7KH�JUDSK�RI� WKH� IXQFWLRQ� � VKRZQ� LQ�)LJXUH� ���D�� LV� REWDLQHG�E\�SORWWLQJ
SRLQWV� IRU� DQG� WKHQ� XVLQJ� WKH� SHULRGLF� QDWXUH� RI� WKH� IXQFWLRQ� �IURP�(TXD�
WLRQ ���� WR� FRPSOHWH� WKH� JUDSK��1RWLFH� WKDW� WKH� ]HURV� RI� WKH� VLQH� IXQFWLRQ� RFFXU� DW� WKH�
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LQWHJHU�PXOWLSOHV�RI� � WKDW�LV�

%HFDXVH�RI�WKH�LGHQWLW\

�ZKLFK�FDQ�EH�YHUL¿HG�XVLQJ�(TXDWLRQ���D�� WKH�JUDSK�RI�FRVLQH�LV�REWDLQHG�E\�VKLIWLQJ�WKH
JUDSK�RI�VLQH�E\�DQ�DPRXQW� WR�WKH�OHIW�>VHH�)LJXUH����E�@��1RWH�WKDW�IRU�ERWK�WKH�VLQH
DQG�FRVLQH�IXQFWLRQV�WKH�GRPDLQ�LV� DQG�WKH�UDQJH�LV�WKH�FORVHG�LQWHUYDO� �
7KXV� IRU�DOO�YDOXHV�RI� � ZH�KDYH

7KH�JUDSKV�RI�WKH�UHPDLQLQJ�IRXU�WULJRQRPHWULF�IXQFWLRQV�DUH�VKRZQ�LQ�)LJXUH����DQG
WKHLU�GRPDLQV�DUH�LQGLFDWHG�WKHUH��1RWLFH�WKDW�WDQJHQW�DQG�FRWDQJHQW�KDYH�UDQJH� �
ZKHUHDV�FRVHFDQW�DQG�VHFDQW�KDYH�UDQJH� ��$OO�IRXU�IXQFWLRQV�DUH�SHUL�
RGLF� WDQJHQW�DQG�FRWDQJHQW�KDYH�SHULRG� � ZKHUHDV�FRVHFDQW�DQG�VHFDQW�KDYH�SHULRG� �
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�

)LQG� FRUUHFW�WR�¿YH�GHFLPDO�SODFHV� WKH�OHQJWK�RI�WKH�VLGH
ODEHOHG� �

3URYH�HDFK�HTXDWLRQ�

�D� (TXDWLRQ���D �E� (TXDWLRQ���E

�D� (TXDWLRQ���D �E� (TXDWLRQ���E

�D� (TXDWLRQ���D �E� (TXDWLRQ���E
�F� (TXDWLRQ���F

3URYH�WKH�LGHQWLW\�
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&RQYHUW�IURP�GHJUHHV�WR�UDGLDQV�

&RQYHUW�IURP�UDGLDQV�WR�GHJUHHV�

)LQG�WKH�OHQJWK�RI�D�FLUFXODU�DUF�VXEWHQGHG�E\�DQ�DQJOH�RI�
UDG�LI�WKH�UDGLXV�RI�WKH�FLUFOH�LV����FP�

,I�D�FLUFOH�KDV�UDGLXV��� FP� ¿QG�WKH�OHQJWK�RI�WKH�DUF
VXEWHQGHG�E\�D�FHQWUDO�DQJOH�RI� �

$�FLUFOH�KDV�UDGLXV� P��:KDW�DQJOH�LV�VXEWHQGHG�DW�WKH�FHQWHU
RI�WKH�FLUFOH�E\�DQ�DUF���P�ORQJ"

)LQG�WKH�UDGLXV�RI�D�FLUFXODU�VHFWRU�ZLWK�DQJOH� DQG�DUF
OHQJWK���FP�

'UDZ� LQ�VWDQGDUG�SRVLWLRQ� WKH�DQJOH�ZKRVH�PHDVXUH�LV
JLYHQ�

UDG

UDG UDG UDG

)LQG�WKH�H[DFW�WULJRQRPHWULF�UDWLRV�IRU�WKH�DQJOH�ZKRVH
UDGLDQ�PHDVXUH�LV�JLYHQ�

)LQG�WKH�UHPDLQLQJ�WULJRQRPHWULF�UDWLRV�
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SRVLWLRQ�DV�LQ�WKH�¿JXUH��([SUHVV� DQG� LQ�WHUPV�RI� DQG�WKHQ
XVH�WKH�GLVWDQFH�IRUPXOD�WR�FRPSXWH� �@

,Q�RUGHU�WR�¿QG�WKH�GLVWDQFH� DFURVV�D�VPDOO�LQOHW� D�SRLQW
LV�ORFDWHG�DV�LQ�WKH�¿JXUH�DQG�WKH�IROORZLQJ�PHDVXUHPHQWV

ZHUH�UHFRUGHG�

P P

8VH�WKH�/DZ�RI�&RVLQHV�IURP�([HUFLVH����WR�¿QG�WKH�UHTXLUHG
GLVWDQFH�

8VH�WKH�¿JXUH�WR�SURYH�WKH�VXEWUDFWLRQ�IRUPXOD�
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